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Abstract. Optimization algorithms usually rely on the setting of parameters, such as barrier
coefficients. We have developed a generic meta-control procedure to optimize the behavior of given
iterative optimization algorithms. In this procedure, an optimal continuous control problem is defined
to compute the parameters of an iterative algorithm as control variables to achieve a desired behavior
of the algorithm (e.g., convergence time, memory resources, and quality of solution). The procedure
is illustrated with an interior point algorithm to control barrier coefficients for constrained nonlinear
optimization.

1. Optimization Problem. Optimization algorithms often include parameters
that affect the overall performance of the algorithm. For example, interior point
methods rely on barrier parameters. While it is shown that the algorithm will converge
to optimality as the barrier parameters converge to zero, the specific values of the
parameters are chosen empirically [6, 7]. We have developed an approach that can
choose barrier values that not only guarantees convergence, but does so as fast as
possible. Moreover, our approach is very general. In this paper, we present a control
theoretic approach that allows us to analytically prescribe the parameter values of a
generic algorithm that optimizes the performance of the algorithm. A very general
measure of performance is used in our methodology, and some examples include the
rate of convergence, memory usage, and quality of solution. We use the example
of barrier parameters in an interior point algorithm with a Newton type descent
direction to illustrate how to construct an optimal control problem that optimizes the
performance of the algorithm by controlling the values of the parameters.

Our approach is to create an optimal control problem which is based on the origi-
nal problem to be optimized as well as the algorithmic criterion. This optimal control
formulation leads to a system of first order differential equations that constitute the
necessary conditions for optimality. The solution to this system of differential equa-
tions provides not only the optimal solution to the original problem, but also the
parameter values that optimize the performance of the algorithm. While it is difficult
to directly solve this system of differential equations, because it is a two-point bound-
ary value problem, we construct an associated variational problem with a solution
that coincides with the optimal control problem. We construct the Lagrangian for
this variational problem from the system of first order differential equations using the
inverse Lagrangian technique. Finally, the variational problem is easily solved using
direct methods.

We begin by formulating a standard (static) optimization problem, with N deci-
sion variables, M inequality constraints and M equality constraints. The original
problem (P1) is

minimize C(x) (P1)
subject to gi(z) >0 fori=0,...M;—1
hj(z) =0 for j=0,..,My—1

where z = (zg, %1, ...,xx—1)7 € RV is the vector of decision variables. We assume
the objective function C'(z) and all of the constraints §;(x) and h; (z) are at least
once continuously differentiable.



An iterative optimization algorithm for solving problem (P1) can be generically
expressed as the following iteration,

Fpr = @ + f(Er, ) (1.1)

for k = 0,1,..., where the function f specifies the algorithm and maps RV x U to
RN, with parameters @y, € U, the set of feasible parameter values for the optimization
algorithm [3]. We assume an initial point % is given We also assume that the iterative
equation (1.1) specified by f converges, i.e., khﬁr{)lo Iy = I.

Given the specifics of the optimization algorithm with f (Z,4z), we wish to
control the parameters 4y to achieve a desired behavior. One example of such behavior
is to have the optimization algorithm converge as fast as possible. An example of the
function f (%1, uy) used later in the paper is a Newton type descent search with barrier
parameters 1. Typically the barrier parameters i are chosen empirically, but we
give a formal procedure for determining @ to achieve the desired behavior of the
algorithm.

The strategy we use is to develop a meta-control procedure based on a continual-
ization of the iteration [13]. In the continualization procedure, we convert iterations
of the form (1.1) to a controlled differential equation in terms of z (7) and w (7). The
variable 7 > 0, is a continuous convergence parameter corresponding to the discrete
convergence parameter k. The differential equation is of the form,

dx(T)
dr

= f(x(r),u(r)) (1.2)

for all u (1) € U, where U C RM is the set of feasible parameter values for the opti-
mization algorithm. Later, in section 2, we introduce 4 (7, h (7)) = u (7) to emphasize
that our computational approach includes two related convergence parameters (7 and
h (1)) for u.

We define f in (1.2) to reflect the iteration characterized by f, by rewriting the
iteration (1.1) as

Zpyr = T + Apf (Tr, Ux) (1.3)

(o] ~
with Ap > 0, the klim A, =0, Z Ay = oo, and f(.f?k,ﬂk) = f(.f?k,’l]k) /Ak. We
—00 k=0

assume the function f is Lipschitz continuous with Lipschitz constant less than one
(contraction mapping) [13]. Since the original algorithm specified by f is assumed to
converge, i.e., klim Ty = T, the continualization process ensures that the limit point

—00
of z (1) equals the optimal solution in the original domain, i.e., lim z (7) = lim .
T—00 k—oo

We formalize this with the following theorem.

THEOREM 1.1. Let {1} be a sequence in RN generated by Tpy1 = Ty, +f(5ck, Ug),
for a sequence {iy} , that converges, klim Tx = T. Also, let f (T, ar) be a contraction
—> 00

mapping from a subset of RN xU into R, as above. Then there exists x (1) satisfying
d’;—m = f(z(7),u(r))such that lim z (r) = lim Zj.
T T—00 k—o0
The proof can be found in [14, Theorem 2.3.1] and [15, Theorem 2.1].
The relationship between a discrete iterative procedure, as in (1.1), and a contin-
uous differential equation, as in (1.2), is also discussed briefly in McCormick [16, pg.s
143-147]. An analogy is made between minimizing a function and rolling a boulder
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down the side of a mountain. The trajectory of the boulder would approximately sat-
isfy the differential equation in terms of the gradient of the function. This analogy
can be used to motivate Cauchy’s method of steepest descent, as well as the classical
version of Newton’s method. While most nonlinear programming methods use the
discrete iterative approach, we concentrate on working with the differential equation
(1.2) directly.

The approximation of an iterative process with a differential equation provides
several key advantages, in addition to the determination of the algorithm parameters
u (7):

1. We can formulate the numerical solution of (1.2) using higher order integra-
tion methods [2],

2. We can use stability analysis tools developed for differential equations,

3. We can apply the techniques of differential geometry to solve the differential
equation,

4. We may take advantage of sophisticated computer algebra tools for analysis
and more efficient computation.

Numerical and symbolic methods for solving differential equations are well-developed
(see for example [17]), and are used in our meta-control computational schema. We
are now ready to define the optimal control problem.

2. Optimal Control of the Algorithm. The optimal control problem (P2) is
formulated as follows,

T
min d(z(7),u(r))dr + ¥ (z(T)) (P2)
u(T) 0
T€[0,T)
subject to da;(:) = f(z(7),u(r)) for 7 € [0,T)
u(r) €U CRM for 7 € [0,T)

with state vector z(7) € RV and z(0) given. The control vector is u (1) € U C RM.
The functions ¢ and ¥ are chosen by the algorithm designer, in order to achieve objec-
tives such as minimizing convergence time, minimizing memory usage, or maximizing
the quality of the solution (minimizing solution error). In section 4, an example is
presented specifying ¢ and ¥ to minimize the time for convergence. The function f
represents the algorithm, as given in (1.2).

The optimal control problem (P2) can be solved by constructing and solving the
necessary conditions for optimality. These necessary conditions for optimality are
given by the minimum principle of Pontryagin [1]. The necessary conditions utilize
the Hamiltonian of the system (P2), which is defined as

H (2(7),u(r),p(7)) = $(a(7), u(r)) +p(r)" f(2(7), u(r)),

where p(7) is the costate associated with the problem [18]. In order for the control
u*(7) to be optimal with 2*(7) a corresponding trajectory, there must exist p(r) € RV
such that the following necessary conditions are satisfied:

da*(1) _ (a’H (w*(r),u*(f),p*(r))>

dr dp
dp*(r) _ (OH (z*(r),u*(1),p" (1)
dr < Ox >



u* (1) € U (1)

for 7 € [0,T), where the Hamiltonian function has an absolute minimum as a function
of u at u* (1), that is

H (2" (7),u"(7),p" (7)) < H (¢7(7),u(r),p" (7)), (2.1)

forall u(r) e U (1), 7 €[0,T).

In order to solve the necessary condition on u (7) in (2.1), we define an iterative
procedure to minimize the Hamiltonian. We construct a convergence sequence {u(7)}
generated by

v

Uis41(7) = tis(7) + W (2(7),1s(7), p(T)) (2.2)
such that

lim 4s(7) = w* (1), when z(r) = z*(7), 7 € [0,T).

§—00
The algorithm defining the iterative step in (2.2) is specified by W (z(7), its (1), p(7))-
An example of W (z(7), iis(7), p()) based on a Newton step is discussed in section 4,
and equation (4.5).

The key observation is: for each 7 € [0,T), (2.2) looks like (1.1) with @s(7)
analogous to Z; and W analogous to f. We again apply the continualization procedure
used to develop (1.2) from (1.1). Now we continualize (2.2) by introducing o as a
continuous parametrization of s, analogous to T parameterizing k. We interpret o as
a convergence parameter, and, in developing the meta-control approach, we assume
that o is functionally related to 7, i.e. ¢ = h(7), where h is a given continuous
function. For example, if ¢ = 7/10, then this indicates that the computation of
tis+1 is embedded in the computation of z (7). In principle, we could introduce a
new variable @ (7, 0), which is a continualized version of u,(7); however, o is related
to 7 (0 = h(7)), so we can express the continualized variable as a function of 7
only, @ (7,h (7)) = u (7).

The continuous version of (2.2) yields

du (1)
dr

=W (2(r),u(r),p(1),

where u (1) = 4 (7, h (7)) is a continualized version of () and W (z(7),u (1), p(1))
is a continualized version of W (z(7),us(7),p(7)) [13]. As in (1.3), we define W as
follows,

dh (1)

W (a(r). u () () = 5V (a(r), s (), p(r)) T

ds

where s is analogous to Ay in (1.3) with similar assumptions. Since lim ws(7) =
§—00

u* (1), we conclude, by theorem 1.1, that lim 4 (7,0) = u* (7).
T—00
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We next summarize our approach. To solve the original optimization problem
(P1), we solve three coupled differential equations, 7 € [0,T),

B0 — f(atr), u(r) 23)

dl;—(:) =W (z(1),u (1) ,p(1)) (2.4)
T

d;;(:) _ (87—[ (x(ﬂg;(ﬂ;p(ﬂ)) (2.5)

with boundary conditions

z(0) =z, u(0) = ug,
o (x(T))
T = ——= 2.6
wr) = =2 (26)
given. Under mild smoothness assumptions [11], the solution to this set of equations,
x () evaluated at 7 = T, i.e. z (T, closely approximates the original optimal solution

Z.

3. Inverse Lagrangian. In this section we discuss a solution approach to solv-
ing the system of differential equations in (2.3) - (2.5). The primary difficulty in
solving this system is that we have a two-point boundary value problem with initial
conditions for equations (2.3) and (2.4) given at 7 = 0, and the terminal condition
for equation (2.5) given at 7 = T'. It is well known that this is a difficult problem to
solve [2]. Our solution approach is to convert this two-point boundary value problem
into a variational problem such that the solution to the variational problem coincides
with the solution to the original system (2.3) - (2.5). Typically, the solution to a
variational problem is obtained by solving a differential equation called the Euler-
Lagrange equation [10]. We use the inverse Lagrangian approach [5], where we start
with a differential equation, and derive a variational problem.

More precisely, we want to formulate a variational problem (P3) of the form

T
. dz(T)
l;r%lTr)l /L <z(7'), 7,7’) dr (P3)
T€[0,T) 0

with a Lagrangian L (z(r), d’Z(TT),T) that is twice continuously differentiable in the

first two of its arguments. The solution to this problem is given by solving suitably
constructed Euler-Lagrange equations [10]
dL, (2(7), (1), 7)
dr

- L. (Z(T)aU(T)vT) =0, (31)

where L, is the derivative of L with respect to its first argument, and L, is the
derivative of L with respect to its second argument. Notice that equation (3.1) is a
second order equation in terms of z(7) because, by definition, v(7) = da(r), Expanding

dr
the derivative in equation (3.1) and rearranging terms yields,

d*z (1)
dr?

= Lt (2(1),v(1),7) (Lz (2(7),v(1),T) — Ly, (2(7),v(7),7) d;;(:)) , (3.2)



where we assume the inverse L, (2(7),v(7),T) exists.

We now construct the appropriate Euler-Lagrange equation from the original
system (2.3) - (2.5) and find a corresponding Lagrangian. We start by defining z as
a vector-valued function, z: [0,T) — R*N*tM as follows

(1)
20r)=| u(r) |, 7€[0,T). (3.3)
p(7)
In order to bring the original system of equations (2.3) - (2.5) into the form of equation
(3.2), we take a derivative with respect to 7 on both sides of (2.3) - (2.5) to get,

Pz (1) _ o <Z(T)’ dzd—(:)’7> ’ (3.4)

dr?
where the vector function © (z(T), dzd—(:), T) is

fo (@) u(r) B + £, (a(7), u(r)) L4
W, (2(1),u (1) ,p(1)) L 4 W, (2(7),u (7)), p(r)) L)

dz (1 r dr
o (x5 ) = | 4 Gl u () pir) 0
T _ O H(z(r)u(r),p(1)) da(r) _ 8" H(x(r),u(r),p(r)) du(r)
o, 02 dr zOu dr
_ °H(z(7)u(r).p(r)) dp(7)
Oxdp dr
(3.5)
with boundary conditions
[ Iyxn O 0 071 [ =o
2(00=10 Iypxm O 0 Ug (3.6)
0 0 Onvxn 0 | | p(0)
Onxn O 0 07 [ =(T)
2= 0 Opmxm O 0 u(T) . (3.7
| 0 0 Inxw 0] [ 22T

We assume the following smoothness for f, W and H. We assume, for all 7, that
f is twice jointly differentiable with respect to z and u, and W is twice jointly differ-
entiable with respect to x, u, and p. Moreover, we assume # is jointly continuously
differentiable three times with respect to =, u, and p. These assumptions imply that

O is twice jointly differentiable with respect to its first two arguments.

In the following proposition, we define L (z(T), d'Zl(TT),T), a Lagrangian that is

twice continuously differentiable in its first two arguments. The Euler-Lagrange equa-

tions associated with L (z(T), dZd(TT),T) are (3.4)-(3.7). If the Lagrangian defined in

the proposition is used in the variational problem (P3), then the solution to the vari-
ational problem gives a solution to (3.4) with boundary conditions (3.6), (3.7).

ProPOSITION 3.1. Consider the variational problem (P3) with the Lagrangian

L (z(T), dfi—(TT),T) and associated Euler-Lagrange equation (3.4). Then the Hessian

of the Lagrangian given by L.,,,, (z(T), dZd(TT),T) = &y, for ik =1,...,2N + M,
satisfies

43, PEM
22 4 Jz:; (255 (0)),, + 31 (;),,) =0 (3.8)
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along the trajectories generated by (3.4)-(3.7), with v; = dzu"l—y) and (Gj)vk denoting

the partial derivative of ©; with respect to vy.

Proof. We derive a smooth Lagrangian L (z(T), d'zl(:) , T) using © (z(T), d‘;(:) , 7')
as defined in equation (3.4). First we rewrite equation (3.4) by introducing a new
variable v (1) as follows,

dzi(7) — vi(r)
dr !
PAD) — 04 (2(r), (7). 7) 3.9)

d
an expression for its Hessian, {Ly,q,, 5, k=1,...,2A + M} in terms of the given
functions {0; (z(7),v(r),7), i =1,...,2N + M} and some of their derivatives. Then
we construct a particular Lagrangian from this Hessian using a simple quadrature.

for i = 1,...,2N + M. Our approach to find L (z(T), dZ(TT),T) consists of finding

Expanding (3.1) we obtain,

bl dv; (1)
jz:; {Lvﬂj (Z(T)aU(T)aT)Uj (T) +vaj (2(7—)’”(7_)’7_) = }

+Lm.,—(z(7'),’l)(’l'),’l') — L, (Z(T),’U(T),T) =0

fori=1,...,2N + M with vj(7) and dvé—g) given by the corresponding expressions
in (3.9).

For the purposes of simplifying expressions, we drop the arguments (2(7'), dfi(:) , 7')

in the expressions. Then substituting ©; for d”éy), we obtain,
AN +M
> {Lvisvj + L0} + Lyyr — Lo, =0
j=1

fori = 1,...,2N + M. Differentiating both sides of these equations with respect to
vg, k=1,...,2N + M, and using (Gj)vkto denote the partial derivative of ©; with
respect to vy, we obtain,

2N +M 2N +M
Z LUz‘ZjUkvj + Lz + Z {L'Uivjvk 0; + Lvivj (@j)vk} + Loy = Lz, =0
j=1 j=1
(3.10)
fori,k=1,...,2N + M. By exchanging ¢ with k in (3.10), we can write the symmetric
expression:

2N+ M 2N +M
Z kaZjvivj + L'Ukzi + Z {L'Ukvj’vi Gj + ka’Uj (63)01} + L'UkTUi - sz'Ui =0
j=1 Jj=1

(3.11)
fori,k=1,...,2N + M. Adding (3.10) and (3.11) term by term and using a smooth-
ness condition on L, we can eliminate terms that do not involve L,, in some manner,
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and obtain the following set of symmetric equations:

2N +M 2N +M 2N +M
> 2pusvi+ Y 2L, 05+ > Luw, (0)), +
j=1 j=1 j=1
AN+ M
+ D Ly, (0;),, + 2Ly, =0 (3.12)
j=1

fori,k=1,...,2N + M. Define the functions ®:;, i,5 = 1,...,2N + M as follows:
®ij = Ly, (2(7),0(1),7), d,j=1,....2N + M. (3.13)

From (3.13) in (3.12) we obtain the following set of coupled partial differential equa-
tions,

2N4+M
2 Z {(¢zk)z] ’Uj + (¢ik)vj @1} + (q)ik).,—
Y
+ Z {@i]‘ (Gj)’ﬂk + @k]. (@j)m} =0 (3.14)

fori,k=1,...,2N + M, along a given trajectory segment 2(7),v(7), 7 € I, I a finite

interval of R, satisfying (3.9). The total derivative df;”“ is given by
2N +M
d®;y,
ar (Qir), + Z {((I)ik)zj v + (Pin),, 9;-} (3.15)
j=1

fori,k=1,...,2N + M. Thus, along the given trajectory, using (3.15) to substitute
into (3.14) we obtain

AP 2N4+M

2 d;k + Fz; {CI)U (@j)vk + Brj (@j)m} =0

fori,k=1,...,2N + M, along a trajectory generated by

d’l)l(T) o dzl(T) o
3 = ©:(z(1),v(r)), and 5 = v (1),

foril=1,...,2N +M. 0O

The proposition provides us with a mechanism to solve the original differential
equations in (2.3) - (2.5) by constructing a variational problem of the form (P3). The
original system is converted into a system of second order differential equations (3.4),
where © is determined in equation (3.5). By proposition 3.1, we then solve equation
(3.8) for ®;;. To complete the process, we use ®;; to construct the Lagrangian. The
following corollary provides an expression for a specific type of Lagrangian in terms
of ®;;,. Finally, we solve the variational problem (P3) with the Lagrangian given in
(3.16) using direct methods [4, 12].

COROLLARY 3.2. Given @, fori,k=1,...,2N + M, we can construct a square
of a Finsler Lagrangian of the form,

2N +M 2N +M
L(Z (T) , U (T) aT) = Z Z vi Pir vy, (3.16)
=1 k=1
8



dzi(1)

where vi = .
The proof of the corollary is an algebraic exercise, based on Euler’s theorem for
homogeneous Lagrangians (see [12]).

4. Example. Consider solving the original problem (P1) using barrier functions
as a basis for interior point methods [7]. The first step is to reformulate the constrained
problem in (P1) as an unconstrained problem with the use of barrier functions. It
can be shown [6] that (P1) can be approximated by an unconstrained problem using
a barrier function b and barrier coefficients u; as,

mi?imize F(& x, s, 1) (ExP1)
,T,8
Mi1+3 Moz
where F'(§,z,s, ) =&+ >, wib(g: (§,,5)), € is an upper bound on the objective
i=0

C(z), the constraint functions g;(&, z, s) are,

gi (z) i=0,...,M; —1
hi—M1($)_53'—M1 i=My,... M+ Ms—-1
(é— T S) _ Si*leMQ _hifleMQ (Z‘) Z:Ml +M21"'7M1 +2M2 - ]-
AR PRV =My +2Ms,... M +3Mz—-1 "
~ Mo—1
E—C(x)— > rjsj i =My +3My
7j=0

z = (20,21, -, an—1)T € RV, and s = (s0, 81, -, Sp10—1)7 € RM2. Notice the first
M equations of g;(&,z, s) are the original M, inequality constraints. The next set of
2M4 equations convert the original My equality constraints into “greater than” and
“less than” inequalities and then include additional slack/surplus variables. The fol-
lowing set of M5 equations allow for non-negativity of the slack /surplus variables, and
the final equation is the original objective function with a penalty for the slack /surplus
variables. We also modify the notation, letting § = (¢, 27, s7)7, so that the uncon-
strained problem, for given pu, can be written simply as,

minimize F(§, ).
]

It is commonly assumed that a general barrier function b takes on an infinite
value for infeasible points, and has a zero value inside the feasible region defined by
the constraints of (P1). This is typically implemented with an extended logarithmic
barrier function [6], which grows very large as it approaches zero from the right. Hence
the choice of this barrier function forces feasibility by driving the constraints to be
greater than zero.

An interior point algorithm minimizes F(§, u(¥)) for a sequence of positive barrier
parameters {u(¥)}, such that Jim p®) = 0 [7]. Usually the choice of the barrier

oo

parameters is ad hoc, but using our meta-control procedure, we determine an optimal
sequence {z(*)} to minimize convergence time.

To continue the example of our meta-control procedure, we identify control vari-
ables @y in (P2) with the barrier parameters pu®). We also specify the algorithm to
solve (ExP1) to be a Newton descent method. This provides the function f(gjk, Uy,),
and we get an iteration of the form (1.1),

Jrr1 = Gr + [ (@x, ir)
9



where

F @rstin) = = (Fyg) ™ (Fp)"| (4.1)

Yk Uk

and Fj is the vector of first partial derivatives of F' with respect to ¢, Fj is the
Hessian, @ are the barrier parameters, and g = (&, z7,sF)7, for each iteration
k. To continualize the problem, we introduce y(7), a continuous version of ¢ and
u(7), a continuous version of @y. Notice the dimension of y(7) is the same as 7,
which is n = N+ My + 1. The dimension of u(7) equals the dimension of @ equals
m = Mj + 3Ms + 1. The differential equation satisfied by y(7), as in (1.2), is given
by

d
1D — £ (e, u(o) (1.2
where f (y(7),u(r)) = — (Fyy)_1 (Fy)T represents a descent field equation

T),u(T

[8]. We assume f (y(7),u(7)) is twice joir?;‘éb)f d(if%erentiable with respect to y and wu.
We select the minimum convergence horizon as the criterion for the optimal
control of the algorithm. To provide the criterion for (P2), we would like to set
U (z(T')) = T to minimize time, however the optimal control problem assumes T is
given. To minimize convergence time, we reparameterize the problem and create an
auxiliary convergence time ¢ with a fixed interval, ¢ € [0, 1]. We also introduce a new
state variable to represent the “clock”, yn.1(t) = 7, where n = N+ M5 + 1, and a
dynt1(t)

di

new control variable representing the “clock rate”, um41(t) = , where m =

My + 3Ms + 1. The dynamics become,

WO — f(0). ut)um a0
il a0

for t € [0,1). Now we define the criterion for the optimal control problem. First, we
set

1 T
U = yn+1(1) + § <(Fy)|y(1),u(1) Q (Fy) ‘y(l)ﬂt(l))

to minimize the convergence time and drive the gradient Fj to zero, where @) is a
positive definite matrix. We also set

1
¢ = 3 (u(t)TRu(t) +rut, 1 (1))
for some positive definite matrix R and scalar » > 0, to force the control parameters
to zero in order to satisfy lim p(®) = 0.
k—o0
Our example of the optimal control problem (P2) becomes,

w0 w0 ] [V

U(t) th 11 (1) r U 41 ()

te[0,1) r
D+ <(Fy)|y(1)7“(1) Q () ‘y(l),u(l)
(ExP2)
dy() _ f t
; g = @), u(t))um1(t) for t € [0,1)
subject to dy%tl(t) s (8 for t ¢ [0. 1)
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with initial conditions y(0) = yo, and y,+1(0) = 0 given. The Hamiltonian associated
with problem (ExP2) is

Ho (), Ynsa (), u(t), mir (8), p(£), Pt ( )
R 0
[ uT (1) Uy (t 0 r ] [ U (1 ]

+ [ pT(t) Prsa(t) ] [ fly(t), u(t ))um-i-l(t) :| )

Um+1 (t)

1
2

Now we present the differential equations for our example, as in (2.3) - (2.5). For
t € [0,1),the expressions for (2.3) are,

dgél—it) = f(y(t), u(t))umi1(t) 43
dy%tl(t) = Um+1(t) o

with boundary conditions y (0) = yo and y,,+1 (0) = 0.
du(t) _
dt

We now construct = W from (2.4) for our example. As in section 2, the
problem of minimizing the Hamiltonian with respect to u, as in the necessary con-
dition (2.1), is similar to the problem of minimizing F' with respect to y. Therefore
the corresponding descent field for finding optimal trajectories for the continualized
barrier parameters is given by

u(t)

um+1(

a
dt

t) :| = W(y(t),yn+1(t),U(t),um-}—l(t)ap(t)vpn-l-l(t))

Huu Huum+l :| - [ HZ :|
_ H};Umﬂ Hum+1um+1 H“m+1 (4 5)
= — .
Huu Huuerl ng
1 NEA

Uy 1 Hum+1um+1

Y(t) Yn+1(t),
u(t),um+1(t),
P(t),pr+1(t)

with boundary conditions u (0) = u® and w41 (0) = u?, ;.
Finally, we provide the expressions for (2.5) for our example,

T
P — (o) (LD (4.6
dpn 1(t) _
# =0 (4.7)

with boundary conditions

— T
p(1) = (Fyy)|y(1)7u(1) Q (Fy) Y (1) (1) (4.8)

Prt1(1) =1 (4.9)

given. Notice that the derivative of p, 41 is identically zero, which implies that pyy1 is
a constant equal to one on the interval [0, 1]. This is a consequence of p, 41 being the
costate of the “clock”. Equations (4.3) - (4.9) constitute the necessary conditions for

11



optimality of problem (ExP2). In order to solve this system of differential equations,
we use the inverse Lagrangian method described in section 3.

Following the inverse Lagrangian procedure in section 3, we first introduce a
vector-valued function z : [0,1) — R2(*TD+m+1) a5 follows

y(t)
Yn+1 (t)
2(t) = ngﬂ , te[0,1).
p(t)
DPn+1 (t)

Then, we substitute z into the system of differential equations (4.3) - (4.9) and take
the derivative with respect to ¢, as in equation (3.4). The resulting vector function ©
for our example is,

umH( ) (£ (w(0),u) 242 + £ (1), u(t) 242
1 (1), u()

duer t
dz (t dt dyn U dum
e) (Z(t), di ),t> — Wy d]iltt) ;-Ig/yrwrl Y ;tll(i;) +(Ig/udd55t) + Wum+1 u d-;l(t)+
+W, 0wy, | deetid)

i1 (2) (fyy (), u(t)) D 4 £ (y(1).u(?)) dzit>)Tp<t>
1 (8) T (y(1), u(t)) ‘“’“) — FT (y(#), u(?)) p(t) Lemstr @ |

at
(m + 1), as in proposition 3.1, and then determine the Lagrangian

Knowing © (z(t), dz(t) t) allows us to determine ¥, for i,k =1,...,2(n+ 1)+

2(n+1)+(m+1) 2(n+1)+(m+1)

L(z(t),v(t),t) = Z Vi Pir vy,

i=1 k=1
using corollary 3.2. This gives us a variational problem for (P3),
/ d
t
mm/LG®,2%Qﬁ (ExP3)

(t)
tefo,1) 0

which can be solved using direct methods. Direct methods include the Ritz method,
the method of finite differences [10], and more recently finite element methods [4] and
the chattering approximation method [9]. The solution to the variational problem
(ExP3), z(1), provides the optimal solution to the original problem (ExP1). Thus,
the first entry of z(1), £, provides an approximation (upper bound) of the optimal
objective function value, the next A entries of z(1) are the optimal values for the orig-
inal variables z, and the following M, entries of z(1) are the slack/surplus variables
for the equality constraints which should be very close to zero. The rest of the values
of z(1) are algorithmic parameters, including the values of the barrier parameters.
This example demonstrates our meta-control approach that simultaneously optimizes
the original problem and barrier parameter values.
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5. Conclusion. In this paper, we present an approach to solve an optimization
problem while controlling the algorithm simultaneously. We use optimal control the-
ory in order to compute control parameters that steer the algorithm to provide best
performance. We first formulate an optimal control problem, and construct a set of
differential equations from the necessary conditions of optimality. We then use the
inverse Lagrangian method to construct a corresponding variational problem, which
can be solved with direct methods. The solutions to the variational problem provide
both the optimal algorithmic parameters as well as the best path to the optimal so-
lution of the original problem. We demonstrate our approach using an example to
control a Newton-like iteration for solving a constrained nonlinear optimization prob-
lem using interior point method. We measure performance of the algorithm in terms
of convergence time, and the algorithmic parameters are the barrier coefficients.
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